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Suppose the edges of a complete graph are colored using three colors, without 
forming any trichromatic triangles. We study those properties which must hold in 
at least one of the three monochromatic subgraphs and those whose truth in any 
two implies truth in the third. We also relate these phenomena to the two-color 
(complementation) case. 0 1987 Academx Press, Inc. 
1. INTR~DL~~TI~N 
Complementation is certainly one of the most basic concepts in graph 
theory, and its identification with bicoloring the edges of a complete graph 
is one of the simplest observations of graph theory. But this approach 
suggests generalizations to tricoloring the edges of complete graphs. By 
assuming that there are no tricolored triangles, certain features of graph 
complementation can be modified for this more general setting. This paper 
is concerned with the proper conditions and the proper modifications for 
the phenomena of selfcomplementarity (e.g., of perfectness) and 
semivalidity (truth in each graph or its complement; e.g., of connectedness). 
2. SPECIAL COLORINGS OF COMPLETE GRAPHS 
All graphs in this paper are finite without loops or multiple edges, 
following the notation and terminology of [l]. Coloring the edges of a 
complete graph G of order n with the colors 1,2,..., produces subgraphs 
G,, G2,..., such that each Gi consists of all 12 vertices of G and precisely the 
i-colored edges (i-edges) of G. We use the prefix “i-” for natural notions 
such as i-adjacent in and i-path of G. 
Perhaps the best-known property of complementation is that every 
graph is either connected or has a connected complement. This translates 
into either G1 or G, being connected for every bicolored complete graph G. 
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This is not true for tricolorings in general, as shown by coloring each edge 
of the triangle K3 with a different color. But, as we shall see later, for- 
bidding such trichromatic triangles as subgraphs guarantees that at least 
one of G,, G2, and G3 is connected. Perhaps somewhat unexpectedly, this 
forced connectivity is inescapably related to at least one of these three sub- 
graphs being disconnected. 
Call a tricoloring of a complete graph special whenever there is no 
trichromatic triangle. (This concept is central to [2] and also occurs 
elsewhere; we shall add evidence to its naturalness (and its usefulness) in 
Section 3.) 
THEOREM 1. Zf G is any specially tricolored complete graph, then at least 
one of G,, G2, and G3 must be disconnected. 
Proof. Suppose rather, toward a contradiction, that G is a minimal- 
order specially tricolored complete graph such that Gr, G,, and G, are all 
connected. (Note that G has order at least four, since smaller graphs 
trivally satisfy the theorem.) Pick any vertex u of G and consider the sub- 
graph G - v. By the minimality of G, some (G - v)~ must be disconnected; 
without loss of generality, say that (G-u), is disconnected. Since G, is 
connected, u must be l-adjacent to each l-component of G - v. Since G, 
and G, are connected, u must be 2-adjacent to some vertex in some t-com- 
ponent of G - v and 3-adjacent to some vertex in some l-component. 
Case 1. Suppose v is 2-adjacent to some vertex in l-component C and 
3-adjacent to some vertex in another l-component C’. 
Pick vertices u and u2 in C such that uv is a l-edge, v2v is a 2-edge, and 
the l-distance between u and V~ in C is minimal. By the specialness 
assumption, it is easy to see that u and v2 must in fact be l-adjacent. 
Similarly, pick vertices U’ and vj in c’ such that U’IJ and u’v3 are 
l-edges and vu3 is a 3-edge. Because C and C’ are different l-components 
of G - v, no edge between {u, vz} and (u’, v3} can be a l-edge. Since q 
cannot be a 2-edge because of triangle uvJv, it must be a 3-edge. Since 
u’vz cannot be a 3-edge because of triangle U’V~V, it must be a 2-edge. 
But v2u3 cannot be a 2-edge because of triangle vzv~u, nor can it. be a 
3-edge because of triangle v2v3u’, contradicting it not being a l-edge. 
Case 2. Suppose, in the remaining case, v is 2-adjacent and 3-adjacent 
to vertices in the same l-component C and l-adjacent to all the vertices of 
(G-v)-C. 
Let sets S,, S,, and S, partition the vertices of C such that v is i-ad- 
jacent with each vertex of Si. Note that edges between Sz and S, cannot be 
l-edges, lest the triangle they form with v contradict speciahress. Therefore 
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there are vertices v1 and vi in S, and v2 in S2 and v3 in S3 such that v1v2 
and v;v3 are both l-edges. Without loss of generality, we can assume v2v3 
is a 2-edge. Since v1 v3 cannot be a 2-edge because of triangle v1 v3 v, nor can 
it be a 3-edge because of triangle v1v3v2, it must be a l-edge. 
Let w  be any vertex of (G - v) - C, and recall that VW must be a l-edge. 
Since w  and the vi are in different l-components, they cannot be l-adjacent. 
Since wvz cannot be a 3-edge because of the triangle wv2v, it must be a 2- 
edge. Since wv3 cannot be a 2-edge because of triangle WIJ~V, it must be a 
3-edge. But wvr then cannot be a 2-edge because of triangle WV, v3, nor can 
it be a 3-edge because of triangle wur v2, contradicting it not being a 
l-edge. 1 
(We thank our colleague Gerd Fricke for help in devising an earlier proof, 
and also the referee for pointing put that different proofs of this theorem 
and of the following lemma are inherent in [3].) 
Suppose H and K are any two graphs and v is any vertex of H. Define 
the substitution HvK of K for v in H as follows. The vertices of HvK are 
those of H - v ( = V(H) - {v}) together with those of K, with two vertices 
among those of H - v (or among those of K) adjacent in HvK if and only if 
they were adjacent in H- v (or in K). Each vertex from H-v will be 
adjacent to all or none of the vertices from K depending on whether it was 
adjacent to v in H. (This is the notion of substitution as in [2] and 
corresponds to composition as in [4] where ail but one of the vertices are 
replaced by single vertices.) 
The particular property of special tricolorings given in Theorem 1 leads 
directly to the following lemma which shows why specialness is truly 
special. 
LEMMA. Each specially tricolored complete graph can be obtained from a 
bicolored complete graph by substituting smaller specially tricolored complete 
graphs. 
Proof. Suppose G is any specially tricolored complete graph. By 
Theorem 1, we can assume that G, is disconnected. Let C, C’, C” ,..., be the 
l-components of G, containing vertices v, o’, u”,..., respectively. Let H be the 
bicolored subgraph induced by the set {v, v’, II”,... >. We claim that G results 
from substituting the specially tricolored subgraphs C, C’,..., for the vertices 
of H. To see this, suppose C* is any of the l-components and u is any ver- 
tex of G - C*. We need only show that every two vertices of C* are joined 
to u in G by identically-colored edges. Since C* is l-connected, this follows 
from every two l-adjacent vertices of C* being joined to u by identically- 
colored edges, which is immediately true by the specialness of the coloring 
of G. 1 
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3. GENERALIZING COMPLEMENTATION PHENOMENA 
In this section we show how the lemma can, in certain cases, be used to 
“color enhance” theorems about complementation; i.e., to transform 
theorems about bicolorings into theorems about special tricolorings. We 
also consider an analogous theory of special bicolorings present in the 
work in Seinsche [9]. 
We begin with the concept of a self-complementary graph-theoretic 
property P: in our terminology this means that for all bicolored complete 
graphs G, G, satisfies P if and only if G, satisfies P. While the binary 
notion of equivalence can be generalized to more than one n-ary boolean 
notion, we feel that the most useful choice is to define the generalized 
equivalence of n statements S, through S, (denoted by enclosing them in 
brackets, as [S, ,..., S,]) to be the assertion that the truth of any n - 1 of 
the statements implies the truth of the remaining one. Thus [S,, S,, S,] 
simply says that any two of the Sj imply the third, while [S,, S,] reduces 
to the standard equivalence of S, and SZ. Generalized equivalences abound 
in mathematics and are studied in [S] and applied in [S] and [6] to 
quasigroups and projective geometry. The following is a different proof of 
what is essentially the “Three Colour Theorem” of [2]. 
THEOREM 2. Suppose a graph-theoretic property P satisfies both (i) for 
all graphs H and K and any vertex v of H, HvK satisfies P if and only if 
both H and K satisfy P; and (ii) every edgeless graph satisfies P. Then the 
following are equivalent : 
(a) For every bicolored complete graph G, 
[G, satisfies P, G2 satisfies P]. 
(b) For every specially tricolored complete graph G, 
[Gl satisfies P, G2 satisfies P, G, satisfies El. 
ProoJ We argue by induction, noting that (ii) takes care of the basis 
G = K, case. First assume (a) and suppose G is any minimal-order specially 
tricolored complete graph such that (toward a contradiction) G, and G2 
satisfy P, but G, does not. By the Lemma, G is obtained by successive sub- 
stitution from a bicolored complete graph H by substituting smaller 
specially tricolored complete graphs C, Cl,.... If all these subgraphs C, c’,..., 
are single vertices (and so H is isomorphic to G) then one of the Gi is 
edgeless and so by (ii), (b) follows from (a). So assume that H (as well as, 
of course, C, Cl,...) has order less than that of G. By the minimality of G, 
H, satisfies P because (by (i)) both H, and H, do. Similarly, each of 
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C,, C;,..., satisfies P and so (by (i)) G, must also, contradicting the choice 
of G. 
Conversely, assume (b) and suppose G is any bicolored complete graph. 
Graph G can also be viewed as being specially tricolored with color 3 
not appearing. By (ii), G, satisfies P, and so (a) follows immediately 
from (b). B 
Examples of properties P satisfying hypotheses (i) and (ii) include being 
a comparability, perfect or superperfect graph as in [4]. In particular, 
Lovasz’s “Perfect Graph Theorem,” stating that the notion of perfection 
satisfies (a) of Theorem 2, generalizes to the result (as in [Z]) that the per- 
fection of any two of the Gi in a specially tricolored complete graph implies 
the perfection of the third. 
A very similar situation occurs when equivalence is replaced with dis- 
junction. Properties which are true in every graph or its complement occur 
frequently and are studied in [7] where they are called semivalid properties. 
THEOREM 3. Suppose a graph-theoretic property P satisfies both (i) for 
all graphs H and K and any vertex v of H, if H satisfies P, then HvK 
satisfies P; and (ii) no edgeless graph satisfies P. Then the following are 
equivalent: 
(a) For every bicolored complere graph G of-order > 1, either G, or G, 
satisfies P. 
(b) For every specially tricolored complete graph G of order > 1, either 
G, or G2 or G, satisfies P. 
The proof is similar to that of Theorem 2. [The basis G = K, case is 
taken care of by (ii). Any minimal counterexample G to (b) would come 
from a bicolored complete graph H, so some Hi (and so by (a) some Gi) 
would satisfy P. For the converse, view any bicolored complete graph 
as being specially tricolored and use (ii).] As an example, take P to be 
connectivity. Because every graph is either connected or has connected 
complement, Theorem 3 shows that at least one of the subgraphs Gi is 
connected for every specially tricolored complete graph G. 
What we have done for tricoloring also goes through for multicolorings 
(i.e., using three or more colors) with exactly the same “no trichromatic 
triangle” definition of special. [In the extension of Theorem 1, keep the first 
two colors unchanged and merge all the others into a single new color. The 
extended lemma has the same proof as before, and leads in the same way as 
before to theorems relating bicolorings to multicolorings.] For bicolorings, 
a different definition of special produces similar results. 
Call a bicoloring of a complete graph G special whenever G1 (or 
equivalently G2) contains no induced subgraph isomorphic to P, (the path 
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of length three). The “auxiliary theorem” of [9] shows that for every 
special bicoloring of a complete graph G, one of Gi and G2 is disconnected. 
This theorem corresponds to our Theorem 1 (and has a similar proof). 
In looking for correspondents to our earlier theorems, note that the 
unary versions of equivalence and disjunction coincide with the simple 
assertion of a single statement. Interpreting such an assertion as the unary 
from of conjunction and looking at complete graphs as being trivially 
unicolored, we reach the following theorem. 
THEOREM 4. Suppose P is a graph-theoretic property sutisfying the same 
assumptions as in Theorem 2. Then the following are equivalent: 
(a) For every complete graph G, G satisfies P. 
(b) For every specially bicojored complete graph G, both G, and G, 
satisfy P. 
The proof follows that of Theorem 2, with the Lemma reduced to a 
triviality. As examples, we get the well-known facts that, for every specially 
bicolored complete graph G, both G, and Gz are perfect (and are, in fact, 
comparability graphs). 
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